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Executive Summary

We are modeling the heat transfer through walls to
e Quickly design and test any

wall using interactive
features

e Much faster run times for
long simulations using

implicit method
wall can be quickly designed, input, and tested, using the o Experimental model

assess their energy efficiency,@an extension to a project
from last year. Even with different team members, we were
able to successfully extend our work.

One of our foremost goals was to ahance the

interactivity of the input of the wall and the display. Any

keyboard. The running program has an easy to read real comparison for validation
time display of temperatures, time, and outside

temperature. This alsomakes it possible to easily change the resolution and size of the area
modeled.

Simulations of long periods of time have much faster run times. Weimplemented a
completely new computational method that makes these long simulations possible This was done
with an alternating direction implicit method.

An experimental model was built to be used to validate our computer model. Even though
this we were just beginning validation, and there was still some guesswork at this point, there
were amazing results. Thenside temperature from our computational model closely matches the
temperatures from the experimental model.

We have done significant additional work from our previous project. All interactive input
is new, and the graphics have had considerable changesmd improvements. We created an
AgPpAOEI AT OAT 11T AAITh xEEAE x1 01 AT80 EAOA AAAI

method and began verification and validation of our model.
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Introduction

Other
9%

Problem Statement Computers

Cooking
4%

Energy conservation through kuilding energy o e

5%

Space Heating
31%

efficient homes has become an even more important

Electronics
7%

issue in recent years.Both environmental and

economical concerns have contributed to this interest Refrigeration
8%

Space heating and cooling are the principal use of

Space Cooling
12%

residential energy (Figure ). Newer houses are being Lighting

Water Heatiing

built to be more energy efficientas a result of this 129%

concern (Figure 2). Conserving heat already in a house
by means of good wall design can cut downenergy needs
significantly, and, in turn, costs and fuel There are countlesswall designsavailable which have
been createdto be more energy efficient When selecting a design it important to know how
effective the design actually is, and how well it performs in individual climates Our purpose is to
create aversatile program that is capable of testing walls for efficiency in different environments.
This is a continuation of a project from last year. It was still somewhat incomplete at the
end, and we were still interested in working with the problem more. Whereaslastyead O B Ol EAAO
was more focused on a specific wall desigrthis year was meant to bemore flexible. We also took
the opportunity to do some of the program improvements we hadbeen interested in, such as

better resolution and longer time steps.

Space-Heating Energy Consumption in U.S.
Households

1.5 mLPG

-
1 m Fuel Ol
— Electricity
0.5 . N i . = Natural gas
0 . N . .

19962001 198G 19891970- 19791960- 19691950- 1959 1949 or
Before

Quadrillion Btu

Year of Construction



Objective

Our objective was to extend our previous model to be used for a larger variety of walls and
allow more extensive testing. Solving this problem computationally gives us the dvantage of
putting in changing conditions such as a thermal swing to simulate night and day. We added an
OET OAOAAOEOAS xAl 1l AAOECI h xEEAE OABAGiasth®0OO0 £OI I
is very functional because we can easily changie wall that is being tested. We completely
rewrote the code method, changing to Alternating Direction Implicit (ADI) which lets longer
tests, such as months, be computed in shorter run timesWe planned to compare data from our
program runs, such as eglicit versus implicit. We also built an experimental model, which we

wanted to match in our program and compare results. This is the validation section of our project.

Wall Designs

There are many different wall designs
proposed for energy efficiency. Our goal was

to create a versatile progran that was capable

Stucco

Sheathing

Plywood
~~Stud

Q%2 x5

of testing a large range of walls, but we

~
~
~

selected a few specific ones to try. Altough

solar gain is significant, especially in New
Mexico, it requires radiation and the ability of
glass to trap heat. This is more complex than
we intended to make our program this yeat

so we didnot choose any designs that were .
' r-. Studs

166 on
center

Fiberglass

dependent on solar gain. We did want to try

designs which take advantage of thermal

Drywall

swing, which we model on the outside
boundary. This is also a good way to take

advantage of thecomputer model, because it

is hard to incorporate changing conditions in - mmmmm o

hand calculations.



Our standard wall uses stuccothe foam sheathing, plywood, wooden studs, fiberglass
insulation, and sheetrock (Figure 3). Stucco is common in building here in New Mexico. It
consists of aggregate (sand, gravel, crushed stone or concrete), a binding material that works as a
glue, and water. It is applied to the next layer, foam sheathing. The innermost layer sheetrock,
which is a plaster, sometimes mixed with a fiber, and enclosed by heavy paper. Between the foam
and sheetrock are wooden studs with fiberglass insulation. The studs are the framework and
provide the structure of a building. The rest of the wall is built off the structure. However, there is
a lot of heat loss through the studs becauséeat flows through the wood much more quickly than
the insulation. The fiberglass insulation is meant to preventthe majority of the heat flow, and
xT OEO AAOO xEATedEOSO 110 Al i BOAOGO

There are many ways to make avall more energy efficient. One approach is to add more
mass so the energy travels through the wall more slowly. The wall can become unreasonably large
though, and one application of our program would be to experiment with effectively adding mass
without adding too much extra space. The use of water is also very common, becausehas a large
heat capacity. Energy is stored up in the water and emitted later.These are just a few possible

design techniques that our program could be used to investigate. Since our goal was to make a

DOl COAIi AAPAAT A T &£/ OAOOETI ¢ OEAOA EETAO 1 &£ xAI

with these designs.

o
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Experimental Model
Building

We built an experimental model to be used for validation of our code. Our model
consisted of a standard wall(Figure 4) and over-insulated foam walls for all of the other sides of
the box (Figure 5). This minimized the influence from the other sides of the box, making it
possible to test just the standard wall. We chose to use a concrete wall board in the place of
| stucco because it was easier to handle
and they have similar heat transfer
properties (Cooling and Heating: Load
Calculation Manual, 1979) To build
- the wall, we started with a stud frame

and screwed on the plywood and
concrete board. Then we filled in the
insulation and screwed the sheetrock
into place. The foam walls were difficult
to build becausewe did not want to use

wood for a structure since it would not

resist heat flow very well. We ugd a
rigid foam for studs, with a thicker piece of soft foam on the
outside, thinner on the inside, and insulation between. We positioned the pieces and pushed in
nails so everything would be aligned forus to glue them together. We built each side separately,
and later put them together. Since the box is front heavy, we put weights in the back to stabilize
it. We put the box in the shadiest spot that we could find. We did this because we wanted to
reduce solar radiation as much as possible. After setting the box upwe
wrapped all the sidesexcept the front in i nsulation and plastic. This was

done to further reduce the heat lost from the sides.

Testing

After researching different thermometers, we found a USB

data logger that can be plugyed directly into the computer (Figure 6).



The time between samples, number of samples, etteracan be set We had created a rack to hold
a light bulb and data logger inside of the box. The light bulb was put into the box to simulate the
constant flow of energy in the modd. We decided on using a 25 watt light bulb after learning

from a dry run that a 40 watt bulb was bringing the box up over 100°Feven with avery cold
outside temperature. In between the light bulb and the data logger a piece of foil was facedto
minimize radiation. The other data logger was taped onto a nearby window to take the outside
temperature. In the first test the outside data logger was open to theelements;in the second test
the data logger waswrapped in a plastic bag to reducethe influence of weather, such as wind,on
the results. We were testing during late January and the very beginnintj so the temperatures were
fairly cold, but the weather more mild (no storms). Figure 7 shows the setup for our test, with the

rack, the inside of the box, and the sides completely wrapped up and covered.

Results

We downloaded the data onto the computer from the data loggers after each test, and
plotted the inside and outside temperatures together (Figure 8 and Figure 9).The very beginning
of the plots should be discountedbecause they show the starting conditions, which are atypical
These are things such as pleing the data loggeror taking it out , and the light bulb warming up .
The effect of putting the outside data logger in a bag is very clear in the difference between the
two plots. The wind influenced the temperature readings and caused spikes in the plotywhile
second testhas a muchsmoother line. The thermal swingis evident for the outside graph in both
tests andis still visible on the inside. The inside remained well above the outside temperature,

occasionally getting too warm, at 8CF or more.

! Specifically, our first test ran from January24 3:45 pmto January27 7:53 pmand our second test from
February 1 2:23 pnto February 4 9:02 am
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Mathematical Model
Heat Transfer

The flow of heat can be represented with three mainequations (Kreith, Priciples of Heat
Transfer, 1973)which make up the primary part of our mathematical model. Heat energy is
transferred through conduction, convection, and radiation. Conduction is the movement of heat
within asubstanceor between substanceswvith adirect physical link. Energy is shifted from
molecule to molecule. Becausét does not require the molecules to move it occurs in all types of
matter, including solids, and is found everywhere in our model. Convection is not strictly a type
of heat transfer, but rather conduction combined with the movement of the molecules. Heat
moves from a warm surface to and adjacent fluid or gas, which then rise They lose heat to the
colder molecules around them and sirk back down, where they may be heated again, creating a
circular flow. Convection occurs at the wall surfaces wherat meets air. Radiation transfers heat
without passing through all the molecules in a material. It travels in waves away from a warm
body and is absorbed by objets it comes into contact with. The properties of each material were
looked up in tables (Cooling and Heating: Load Calculation Manual, 1979JAshrae Handbook
1977 Fundamentals, a7 7).

The rate of heat flow by conduction is equal to theproduct of the following values:

k, the conductivity of the material

A, the area through which heat is flowing, measured perpendiclar to the direction of flow

i—i , the temperature gradient, or difference in temperature with respect to the distance

and direction of heat flow

Since heat will always flow from an area of higher temperature to an area of lower temperature,
the heat flow should be positive when the temperature gradient is negéive, and a negative sign is

included accordingly. This is written as an equation as shown below.

KA AT
U = Ax

In general, convection may be approximated by:
q. = h AAT

10



where h,. =the convective heat transfer coefficient

A =the area through which heat is flowing, measured perpendicularly

AT =the difference between thesurface and airtemperatures
Convection isto just increase the rate of conduction because that is its essential effect.
The net rate of radiant heat transfer from one blackbody, or ideal radiator, into another is given
by:

— 4 4
qr = cA(Ty — T;)

where ¢ (sigma) = the StefanBoltzmann constant which is equal t0 0.1714 x 10BTU/hr ft2R*

A = the surface area

(T — T3) = the difference of the temperature of the emitting body to the fourth power

and the temperature of the receiving body to the fourth power
In radiation, a blackbody is emits and absorbs the maximum amount of radiation at all
wavelengths at any temperature Real materials do not behave thisvay, and emit energy at a
lower rate which is dependent on the properties of the surface. Radiation occurs both from the
sun to the wall and from the wall into the night sky.

The equation of state shows the relationship between the temperature of a matéal and

the energy that it contains. We use a fairly simple form of theequation, which is as follows:
E =c,T
where E = energy

¢, = constant volume specific heat, or the energy required to raise a unit of mass one
degree

T = the temperature of the material

Our problem involves only one conservation law, that of energy. There are no changes in
density, mass, or momentum, so their conservation does not apply. Energy, however, is moved
AT A AEAT CAA ET OEA POl AAOO \VvaflonBfknkQy sGiskiaterElgp8 04 EA

can be neither created nor destroyedFaires, 1970 Since this heat transfer is not being applied

11



to a nuclear process, we may ignore the exception of the conversioaf energy into mass ormass

to energy. This law supports the equations:
Ein = AEg + Epyt
E¢1 + Eiy — Equte = E
where E;, and E,,; are the energy entering and leaving the system respectively
AE; is change in the energy stored in the system

E¢; and E, are the initial and final stored energy.

This law holds true for all of the equations, and any violation indicates an error of some kind.

Thermal Swing

We created a sinusoidal wave to be a Frequency

general representation of the thermal swing of

night and day. The outside boundary follows this

Amplitude

wave and is a driving force in our program. We

began with the equation for a general sine wave,
which is shown as:

y(t) = A-sin(wt + 0)

A is the amplitude, or distance from the center line
Phase

i tTTACAQ EO OEA AT COI AO AEOAS, "ot e AEAT O DA
v | OEAOAQ EO OEA PEAOGANR 10O EI OEUTTOAIT bl AAATAT O I

With given minimum and maximum temperatures, the following formula can be used to create a
sinusoidal wave.

max + min  max —min T
T = > + > Sin (t + tOffset)ﬁO

Where max and min are the minimum and maximum temperatures

t and t,srs.; represent the current time and the time of a peak
%0 sets how often the peak occursy20 is the number of minutes between each peak

12



temperatu

Computational Model

Alternating Direction Implicit
The alternating direction implicit method

(Peaceman & Rachford, 1958ADI) has a major advantage
over our previous explicit method: the ability to remain
stable with any size time step. This, in turn, affects the

number of iterations. Combined with less work per

iteration, it results in much shorter run times for of longer

test periods, such as weeks or months. An explicit method
\ determines the heat transfer and finds the energy in the
) cell for the next time step using the slope of a line at the
current time step. If the line has a steep slope, and the time step is too longthe value can become

negative. The implicit method, however, solves this problem by using the slope from

the next time step. This assures that the result will always be positive, and while the Az
error may be larger, the program will not become unstable orcrash. This is a

particularly good method for our heat transfer problem because the changes are <_>:[ v
gradual and the additional error will be relatively small. Ax

The equation used to find the heat transfer through conduction is as follows:

AT

aE AT
Ap = ByAzkpy g o — AYAZK L o

At
where AE = the change in energy
At = the change in time, or time step

AyAz = the area, height times depth Figure 19

k = the conductivity ?

% Note that time is indicated in the superscript and space in the subscript throughout the equations in the
computational method section. For example, n is the current time step, and n+1 the next time step. The
indices are denotedlJ E AT A EN Al 01 AAOEAO AOA OEAI £ OOAPOOG6S8

13



Since the ADI method uses multiple values from

the next time step in its computation, and these values

are unknown, a solver is used to solve for these values
b, | b, | by | b_|b,|b

simultaneously. We are using a tridiagonal solveywhich
handlesone row or column at a time, and uses the
coefficients of T/*11, T/***, T4, and T{*. To find these

coefficients we derive the equation into the form of:

n+1 ]1-;1 Tr:lil
+1 i i— i
c,AxAyAzpT** — AyAzAtki_% Ax + AyAzAtki_% Ax + AyAZAtkH% Ax
n+1
— AyAzAtnglA—x = S;At + ¢, AxAyAzpT}
2

and find the value of each coefficient which we then send to the solver

AyAZAtki_%
720Ax
AyAzAtk, 1

720Ax
C,AxAyAzp
1728

a; =

Ci =

b; = ai — ¢

n
l

C,AxAyAz
d; = S;At + (”—yp)

1728
The solver will return the solution, which is the temperature at i. In order to find the heat
transfer through two dimensions, the solution of for each row is stored, and the flux from each
column added.
Notice that d; includes the term S;At. This is a source term which adds energy directly to

the cell. This can be used to represent radiation or a lightoulb.

14



Tridiagonal Solver
A tridiagonal solver (Tridiagonal Matrix Algorithm, 2008) is used to solve tridiagonal

systems of equations which may be written a$

aixi—1 + bix; + cixipq = d;

or in matrix form, it is written as:

by ¢, 0 0 0
a, by ¢ O 0
0 a, b, 0
0O O ’ Cn-1
Lo 0 0 ap by |

This three diagonals formed by the ad G&HO h c8A0 AA OA  %hE dolder @hi €ddatons

OEA OOOEAEACI hakd. HE D ADDA CiA DEADAOOAOT EO baingDAOOT O 1

dependent on only itself, and the fluxes of its boundaries.a, and c,, are not shown becausdhey

AOA ANOGAT O UAOT AT A Al 110 AEEAAO OEA AAT 160 Al
The first two equations complete a forward sweepwhich eliminates the a;6; @he second

two perform back substitution, leaving x as thesolution.

(& ;i=0

b

! 0

\b; —c';_1aq; ;i1=1,2,..,n—1

( do ;1=0

b
d; =1 ,
l d; —d'i1a;
(b —c'ia; SE=1 2m

% a,and ¢, must equal zero. No energy enters through the boundaries of the mesh, so this is true.
* The solution can be obtained in O(n) operations rather than the O(n3) used for Gaussian elimination
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Explicit Finite Difference
Fli-tm

We used an explicitcentral finite difference method in

our code last year. This method also uses cell&ind determines F

Usre
a2 UM Py

the energy in the cell in the next time step by using the flux at

the boundaries. The values used in the calculation are from the

.11
. L . . +=
current time step, which is what makes it, as stated, arexplicit J ’] i

method. The energy of a cell in the next tme step is equal to its
current energy plus the flux energy entering and leaving on the right,

left, bottom, and top boundaries. The mathematical equation for this is as shown below

At At
Tl n n
Utitta = Ul + 5 (A [i+2]1)] F[i—%][j]) T Ay( )i+ F[i][j—%])
where U = the state variable, energy
At = the time step

Ax and Ay = the width and height of a cell

F = the flux

The term gF is simplified, as result of cancelled units:

AyAz(££2) e BTUAt
AxAyAz(ft3) ( Axft )

Energy is added or subtracted from the state variable value, depending on this fluxn our

F (%) At(hr)

implementation of this method, we were first order in time and second order in space, which

means we find the flux once every time step, and in two directims.

Boundary Conditions

The explicit and implicit methods also have different boundaries and boundary
conditions. The explicit method uses ghost cells, a row of cells around the actual mesh. We give
these special conditions. The top and bottomboundaries simply reflect the energy to ensure no
energy is lost or gained through them. The inside boundary is maintained at 7€F, and the energy

needed to maintain it is calculated. The outside boundary follows the sinusoidal wave for a given
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maximum and minimum temperature. These side boundaries are also the driving force of the
model; they provide a continual change in temperature to drive the heat transfer and prevent all
the cells from reaching equilibrium.

The implicit method does not work the same way, and does not have any ghost cells. The
cells farthest to the left are set to the outside temperature every iteration. The top, bottom, and
right cells have no fluctuation on any boundary that is on the edge of the mesh. Heat is provided

as a constantenergy input through source cells,which are interactively set.

Assumptions

When creating the computer model, we made several assumptions that may not
accurately emulate the real world. These can cause the output from our program taliffer from
actuality. There are limitations to what our program is capable of if it not capable of taking into
account certain conditions. Although we added the option of reading data from a file to control
the outside temperature, the alternative of the sinusoidal wave is dimitation. We assume a
regular wave that has a maximum at noon and a minimum at midnight, and our approximation is
AAAADOAAT Ah AOO AEEAZAOO A£OT T 100 OAAT AAOGA AU A 1
to our model, and this causes considerale solar gain and night radiation from the wall to be
ignored. Also, two dimensions restrict the program from things that require the third dimension.
Some examples are convection, which really moves in-B space and walls, which have different
layers.Si E1 AOI Uh xA AT 1860 OAEA EIT OI AAAT 01T O AEO 1 AAEO
materials. Along with our sinusoidal wave, we estimate our convection and do not include

weather. Realistically, the temperature, weather, and wind vary from day to day andre irregular.

Sinusoidal wave I AANOAOA APDPOI GEI AOET T h AOO AT A
thermal swing

Radiation 2AAEAQEI T xAOI 80 AAAAA ETh O O

2-D Not as important to our model, but some properties of a wall or
actions need three dimensions

Uniform materials 71180 OAEA ET O1 AAAT O1 O Ei PAOAA
building, etc.

Convection estimated Convection acts as an constant increasen conductivity of air, rather
than irregular wind

No weather Weather has a huge influence on the outside conditions, and these

affect the heat transfer

17



Code

Program

We are using our code from last year, which was written off of the structure of the shallow
water simulation code WAVE (Robey B. , 2007) The language we are using is C. We also
borrowed code for our tridiagonal solver (Tridiagonal Matrix Algorithm, 2008) , and for the
interactive keys (Robey, Holland, Jacobs, & Shlachter, 2008)nd integrated it into the rest of our
program. For the graphics, we used the MPE libary (Multi -Processing Environment)(Web Pages
for MPI and MPE, 2004) SinceWAVE wasparallelized, there are still MPI (Message Passing
Interface) calls in the code, but they have not been updated orun. Our code consists of 801 AET 6
file, a header, a display file with all of the display subroutines, and a file with the tridiagonal solver
subroutine. In total, it is about 830 lines.

We were fortunate not to have to dotoo excessive debuggingWe did, however, make
extensive changes to our code and several bugs were caused by pieces of the code thatre no
longer valid. There were also some problems with the conduction after we wrotetiwith the

implicit method.

Computation

In our code, the iteration loop calculates the heattransfer through all the cells for one
time step. The structure of this loop is illustrated in Figure 16 In the first pass, we find the heat

flow in the x and y directions. Both use the tridiagonal solver subroutine, and calculate the

advantage ofa; being equal to c;_; and set the c array using thea array.4 EA  O1 Ax 8 OAI PAOAC
areOO0T OAA ET A OAPAOAOA AOOAU8 )1 OEA OAATTA DPAOGO -

the second pass, the display is called only called every set number of iteians.
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true

Begin iteration loop true Read temperatures
> from file ]
A\ 4
Set outside temperatur&—| If FILE_DATA
Calculate
| » temperature using—
false sinusoidal wave

A

send coefficients

Tridiagonal
solver stores
solutions in x

A4
First pass X direction Calculate coefficients
A 4
Set row of
return x
< Temeperature_new to X«
send
— Calculate coefficients | coefficients
| Y direction —> using 60l d >
values
Add flux into row of return x
h Temperature_new
A\ 4
Second pass > Update Temperature with
Temperature_new
Iteration number divisible by | true Display

\ 4

as|e}

A

A 4

Iteration number less than totq

number of iterations

as|e}

End iteration loop
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Interactive Create a wall to test using the wall materials and keys below, You

must click on the window before to begin, Then, place your cursor
and press the key, clicking iz MOT necessary. The default white iz

outzide air, Keep in mind that "outside" iz on the left,

We re\”Sed the program to take key InPUt to When your wall iz done, press 'x' to run the program,
initialize the matrix. The cells are all set to a default :::”t - ;fje
. . . . lass
outside air, and cells under the cursor in thegraphics T
) ) i insulation i
window are changed to other materials by pressing a sutside atr | o | white
sheetrack 3
corresponding key. This allows cell size, number, and sty L

wall type to be easily changed, quickly and more easily | other sction keus
h zet as history cell
than by changing the code itself. set as snergy source osll

display/draw most recent saved wall

record in save file

I -V ]

There are other inputs besides those used to set

erecute the rest of the program

AA1 1l 1T AOGAOEAI 08 4EA 008 Eko—rmworroormro—ocr—or00 | £
program when it is pressed, and starts the heat transfer

OEi O1 AGET T OEOI OCE OEA adoirde8ell, 4kele a gellods X ®ikbg EO OOAA
AOAx18 /TAA A AAIl EO AOOECTI AA AO A O1 6O0AA AAIInh

records the indices of the cell. When the program is run, the temperature of that cell will be

written to a history file. Pressing it again will reset the indices4 EA 008 EAU OAAT OAO OE
materials in a save file,and A8 AOAxO OEA 1100 OAAAT O1 U OAOAA xAIl
Graphics

We spent a fair amount of time on the graphics We wanted the displayto be fairly easy to
understand, and a visualization of the results. We also added an instruction window to

guide a user throughthe steps ofdrawing a wall, and also to make the commands for each  &ale *F

key more accessible Figure 17. N |
The majority of the window shows the mesh of cells, colored to represent their !
current temperature. On the right side of the screen we print a scale of the colors and the i
temperature they correspond to (Figure 18. Belowthe scale is an updated »°
printout of the present time in the simulation and the outside 40
zﬁﬁg o0 P‘m temperature on either a sun or moon (Figure 19. We thought that 20
P this was a good way signify to people what is happening. For example,
it should be fairly clear that if there is blue in the window, and o

there is a moon, that it is a cold night. . I
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Results
Verification

066 A0EHMBEAAGCE 1 OET ¢ (RodheAlR8EBAISHdatiois pibEiIE Eh®
program solves the equations correctly, and with minimalmathematical error. As part of
verification, we solved a problem by hand to show that the conduction works properly, and
comparedthe outputs of different time steps and cell sizes.

We invented a small test problem to do by hand and used print statements to follow the
values through each section of codeThe input is a tby-3 mesh of wood and insulation at 60F,
65°F, and 70F (Figure 20). To begin, we found the values of

each of the coefficients using the properties of thematerials

Insul.
(Figure 23). They arelisted below in the order they were 65°F
calculated:
ap = 0.0 Wood Insulation
a,; = 0.000007 Conductivity 0.8 0.009636
a, = 0.000007 Density 32 0.85
¢, = 0.000007 Specific Heat 0.33 0.2
¢, = 0.000007 €o = 0.001103
¢, = 0.0 ¢’y = 0.060313
d, = 0.36 X, = 69.994486
d, = 0.006395 X1 = 650

After this single time step, the temperatures are:60.005514, 65, and 69.994486
respectively’. Our hand calculated values matched with those output from the program, with the
exception of small discrepancies caused by round off errors. Weet the same problem vertically to

check the program in the y direction and found the same results.

® Note that these have the same sum as the original temperatures, and therefore can be shown to follow the
Law of Conservation of Energy.
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